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STRUCTURE DETERMINATION
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Integrated Intensities Electron density 
(= protein structure)!!

??
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THE ELECTRON DENSITY EQUATION
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From an x-ray diffraction experiment we can ‘measure’ the amplitude (            ) but get 
no information about the phase. Deriving the phase is known as ‘the phase problem’

IF α||

Amplitudes (colours) from 
duck transform

Phases (brightness) from 
cat transform

http://www.ysbl.york.ac.uk/~cowtan/fourier/magic.html

‘GOOD’ PHASES ARE MORE IMPORTANT THAN ‘GOOD’ AMPLITU DES
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METHODS FOR RESOLVING THE PHASE PROBLEM IN MX

1. Direct Methods

• requires high (near atomic; dmin ~1.2 Å) resolution data, still quite rare

2. Molecular Replacement

• requires some prior knowledge of the crystal structure you want to 
solve (homologous protein, etc.)

3. Experimental Phasing 

1. Isomorphous Replacement

2. Anomalous Dispersion Methods
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Get a different structure factor , FPH hpph FFF +=

(protein) Crystal 
+ 

(heavy) atom

INTRODUCING A NEW (HEAVY) ATOM INTO A CRYSTAL
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(protein) Crystal Fp

Taylor, G. L. (2010). Introduction to phasing. Acta Cryst.
D66, 325-338.

Two protein diffraction patterns shifted 
vertically relative to one another. One is from 
native bovine β-lactoglobulin, the other from 
a crystal soaked in a mercury-salt solution. 
Note: 1) intensity changes for reflections in 
the latter; 2) identical unit cells suggesting 
isomorphism.

Isomorphism + Heavy Atom = Isomorphous Replacement

|||| pphF FF −=∆

INTRODUCING A NEW (HEAVY) ATOM INTO A CRYSTAL #2

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon LeonardPage 9

pH
p

H ff
N

N

I

I

2
>=∆<

Addition of 1 Hg atom to a protein of 1000 
atoms will produce an average fractional 
change of intensity of ~25% so differences 
should be easy to measure and data 
doesn’t have to be that accurate 
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HOW IS ISOMORPHOUS REPLACEMENT DONE?
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1. Collect data set from native crystal (structure factors, Fp)

2. Introduce a small number of heavy atoms (Pt, Hg,) into 
another crystal of the same protein

3. Collect data set from derivative crystal (structure factors, Fph)

4. Use  differences (isomorphous differences ) to find heavy 
atom positions in unit cells

5. Use these positions to initiate phase calculations

Page 10

SINGLE ISOMORPHOUS REPLACEMENT

hpph FFF +=
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|||||||| pphh FFF −≈

Imaginary

Real

φp

φh

|Fph|
|Fh|

|Fp|

)2/(cos 2221
hphpphhp FFFFF −−±Φ=Φ −

Measure |Fp|, |Fph|; Calculate |Fh|, φh from heavy atom positions

Want to calculate φp:

'Φ±Φ=Φ hp

Phase Ambiguity
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GRAPHICAL ILLUSTRATION OF PHASE AMBIGUITY
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No errors shown here. What we
actually get are phase probability
distributions
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LACK OF CLOSURE ( Ɛ) AND PHASE PROBABILITIES
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Blow, D. M. & Crick, F. H. C. (1959). Acta Cryst. 12, 794-802.
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1. Measurement errors in |FP|, |FPH|
2. Model of heavy atom substructure 

is incorrect (minor sites not 
included)

3. Native and heavy atom derivative 
crystal are not isomorphous

SIR PHASE PROBABILITY DISTRIBUTION
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'Φ±Φ=Φ hp
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A SECOND DERIVATIVE RESOLVES THE SIR PHASE AMBIGUIT Y
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1. Measurement errors in |FP|, |FPH|
2. Model of heavy atom substructure 

is incorrect (minor sites not 
included)

3. Native and heavy atom derivative 
crystal are not isomorphous

hpph FFF +≠

The most probable phase is not be the best phase
to use in map calculations. The centroid phase
(best phase) gives the least error in the Fourier
map.
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PHASE PROBABILITY DISTRIBUTIONS
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m = 0.866    =>  phase error = 30°
m = 1.0         =>  phase error  = 0°
m = 0.0         =>  phase error = 90°
m = 0.5         =>  phase error = 60°

m = probability that centroid phase is correct
∆α = phase angle measured from the centroid phase.
P(∆α) = probability that ∆α is the true phase.

THE FIGURE  OF MERIT
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Mean phase error = 53o

Mean phase error = 41o

THE RESULT OF IMPROVING EXPERIMENTAL PHASES
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Phase 
Improvement
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Binding of heavy atom to protein in crystal can cause protein to rotate 
and/or translate in unit cell and/or unit cell dimensions to change

+ Heavy atom
or

Non-isomorphism: For a 100 Å cubic unit cell a 0.5% change in 
unit-cell dimensions or a 0.5° rotation of the molecule within 

the unit cell would produce an average 15% change in intensity.

Good Not GoodNot Good

or

If heavy atoms don’t bind to protein - or are not ordered in the crystal 
– then there will be no intensity differences  

WHAT CAN HAPPEN WHEN A HEAVY ATOM BINDS TO A PROTEIN  IN A CRYSTAL?
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NON ISOMORPHISM (AGAIN)

Adding heavy atoms to protein crystals can cause the protein molecules to rotate 
and/or translate inside the unit cell. This induces non-isomorphism between 
native and derivative crystals

To help get around this take advantage of anomalous scattering
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hpph FFF +≠
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|||| −−−=
lkh

hkl FF

X-ray photon interacts with the electrons in the atoms of the 
sample.  Atomic scattering factor f proportional to atomic 
number, Z, of atoms

All atoms scatter X-rays in the same way. Friedel’s Law is obeyed .

off =
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NORMAL SCATTERING
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At incident X-ray energies close to absorption edge s scattering 
from atoms is no longer normal

BUT, ELECTRON SHELLS IN ATOMS HAVE X-RAY ABSORPTION  EDGES
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NORMAL SCATTERING IS MODIFIED CLOSE TO ABSORPTION E DGE

• Photons interact with the electrons in
the atoms of the sample.

• Depending on the photon energy the
probability of absorption changes.

• At photon energies close to
absorption edges of a given atom,
some photons are absorbed by the
atom and electrons are ejected from
its inner shell.

• Electrons from higher energy shells
decay to lower energy shells emitting
fluorescence as they do so
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http://www.bmsc.washington.edu/scatter/AS_tutorial.html
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Treat electron shells as
harmonic oscillators with
resonance frequencies close to
energy of shell absorption
edge. Scattering factor modified
so that:

SCATTERING FACTORS AT X-RAY ENERGIES CLOSE TO AN ABS ORPTION EDGE

)()( ''' λλ iffff o ++=

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard

Scattering factor modified in
such a way that it has
additional, wavelength(energy)-
dependent dispersive (f’) (real)
and absorptive (f’’) (imaginary)
terms

Page 24
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UNDER ANOMALOUS SCATTERING FRIEDEL’S LAW IS NO LONGER  OBEYED

|)(||)(|..|||| −≠+≠ −−− FFeiFF
lkh

hkl
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We can use the anomalous difference to (help) solve the phase problem.

The larger f”, the bigger anomalous difference and the easier (in principle) it 
will be to solve the phase problem

2

||)(||)(|| −++= FF
Fmean

||)(||)(|| −−+=∆ FFFano

)()( ''' λλ iffff o ++=
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DERIVING F” AND F‘ FROM FLUORESCENCE SCANS

( ) 




















=′′ ωµNeπcmωf 24ω

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard

( ) ( ) ( ) ( )[ ]∫
∞

′′−′′′′=′
0

222 ωωωωωπω dff

)()( ''' λλ iffff o ++=

Experimental fluorescence scan Experimentally determined anomalous 
scattering factors
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MAXIMUM SIGNAL: EXPERIMENT DIFFERS FROM THEORY. DON ’T RELY ON 
TABLES 
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JM Guss, EA Merritt, RP Phizackerley, B Hedman, M
Murata, KO Hodgson, & HC Freeman (1989). "Phase
determination by multiple-wavelength X-ray diffraction: crystal
structure of a basic blue copper protein from cucumbers".
Science 241, 806-811.
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We’re not dealing with free atoms.  Interaction of anomalous scatterer with other atoms causes 
deviation from ideality, as do changes in oxidation state. So, we MUST measure absorption edge 
experimentally if we want to be sure to obtain maximum ‘signal’
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If in an SIR experiment we 
measure Fp (native crystal) and 
both Fph

+ and Fph
- for the 

derivative crystal we get three 
phasing circles. Hence no phase 
ambiguity

So, need only one derivative 
thus less chance of non-
isomorphism 

USING ANOMALOUS SCATTERING - SIRAS PHASING
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)()( ''' λλ iffff o ++=

PHASING USING SAD
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SAD results (like SIR) in phase
ambiguity. But can use this
technique to solve the phase
problem.

Also allows the solution of the
phase problem by collecting
data from native crystals of
macromolecules (i.e. no
derivative). Exploits small f”
available from S or P at the
wavelengths we can routinely
access.
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)()( ''' λλ iffff o ++=

If we at collect data at 
different wavelengths about 
absorption edge then Fhkl at 
different wavelengths 
changes

λ1F ≠ λ2F

DISPERSIVE difference:

By combining measurement
of anomalous and
dispersive differences we
can solve the phase
problem using HA
derivatives in MX without
measuring data from a
native crystal. How?

WHY DO WE CARE ABOUT  F”?

|||| 21

hklhkldisp FFF λλ −=∆
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λ1F

λ2F

λ1

λ2
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f’at minimum, 
moderate value 
of f”

f’ moderate, 

f” large

f’ moderate, 
f” moderate

MAD AS QUASI-(M)IR
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“From a practical point of view a larger 
f” will give more accurate values for the 
possible solutions [of the phase]….” 

Woolfson & Fan,  “Solving Crystal 
Structures” (1995) Cambridge 
University Press

MAD - WHICH WAVELENGTHS? - I
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∆f ’

“….while a larger difference in f ’ will 
provide better discrimination in 
resolving the [phase] ambiguity”
Woolfson & Fan,  “Solving Crystal 
Structures” (1995) Cambridge 
University Press

To maximise f’ need to collect two data sets: (1) at inflection point. (2) (preferably) high energy
remote. So, a typical MAD experiment uses three wavelengths (peak, inflection point, remote)

MAXIMISING ∆F’ AROUND L- ABSORPTION EDGES

Page 33

∆f’ ~ 10e-

∆f’ ~ 18e-

NB: Efficiency of Pilatus detectors is not optimal at high energy

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard



17/12/2016

12

SAD PHASING
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SAD results (like SIR) in phase ambiguity. But can use this technique to solve the
phase problem. Usually need redundant data.

λ~2.1Å λ~0.62Å

ENERGY OF ABSORPTION EDGES COMMONLY USED IN PHASING  PROCEDURES
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PHASING EXPLOITING ANOMALOUS SCATTERING

1. Introduce a small number of anomalously scattering atoms 
into crystals

2. Collect both F + and F - at one (or more) wavelength(s). If 
more than one wavelength make sure these are chosen 
using absorption edge scan.

3. Derive anomalous and (if more than one wavelength) 
dispersive differences.

4. Use anomalous and/or dispersive differences to locate 
anomalously scattering atoms

5. Use these positions to initiate phase calculations
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Crystal System Laue Group Total Oscillation required for 

  Standard data 
collection 

 

Anomalous  data 
collection 

Triclinic -1 180o 360o 

Monoclinic 2/m 180o (b*), 90o (a*,c*) 180o  (a*,b*,c*) 

Orthorhombic mmm 90o(a*, b*,c*) 90o(a*,b*,c*) 

Tetragonal 4/m 90o(a*, b*,c*) 90o(c*), 180 o(a*, b*) 

 4/mmm 45 o(c*), 90o (a*, b*) 45 o(c*), 90o(a*,b*) 

Trigonal 3/m 60o(c*), 90o(a*,b*) 120o(c*), 180o(a*, b*) 

 -31m 30o(c*), 90o(a*,b*) 60o(c*), 180o(a*, b*) 

 -3m1 30o(c*), 90o(a*,b*) 30o(c*), 180o(a*, b*) 

Hexagonal 6/m 60o(c*), 90o(a*,b*) 60o(c*), 180o(a*, b*) 

 6/mmm 30o(c*), 90o(a*,b*) 60o(c*), 90o(a*, b*) 

Cubic 23 ~60o ~70o  

 432 ~35o ~45o 
 

 

COLLECTING BOTH F(+) AND F(-) (AFTER DAUTER, Z. METHODS IN ENZYMOLOGY, 276)
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(S)MAD: GOOD & BAD

1. No ‘native’ crystal – no problems with isomorphism when 
using heavy atom derivatives

2. Selenomethionine can be introduced into many protein 
sequences and can be used as a “magic bullet”

3. The ‘method of choice’ for de novo structure solution in 
macromolecular crystallography

4. Signals are small in comparison to those from 
isomorphous replacement – data have to be good!

5. In MAD have to collect a lot of data from one crystal –
radiation damage is a problem
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(S)MAD INTENSITY DIFFERENCES ARE MUCH SMALLER THAN FOR IR
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(J. Smith, Curr. Opin. Struct. Biol. 1, 1991)

K  absorption edges: f” ~ 4e- ; can 
rise to 6-7e- with ‘white line’. ∆f’ 
usually has a maximum around 7e- ; 
can rise to ~10e- if far from edge.

L absorption edges: f” usually has a 
maximum around 12e-; can rise to 
~30e- with ‘white line’. ∆f’ usually 
has a maximum around 13e-; can rise 
to > 20e- if far from edge

For comparison, Hg has Z = 78 e-.
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In comparison to signals available in IR, AD signals are small

This knowledge must inform all decisions when collecting data for AD experiments

Need to: MAXIMISE SIGNAL and/or REDUCE ERRORS
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EXPECTED ANOMALOUS SIGNAL

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard
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http://www.ruppweb.org/new_comp/anomalous_scattering.htm
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METHODS FOR S/MAD DATA COLLECTION - I

The Random Orientation ‘Technique’ – Here the crystal is
mounted in a random orientation with respect to the X-ray
beam and goniometer axes. Data are then collected in one
contiguous oscillation range such that complete and
redundant anomalous data are obtained.

The rotation range required can be obtained using various
data collection strategy programs (i.e. BEST).

Takes no real account of factors that can adversely affect
intensities (absorption, different detector position for
diffraction spots)
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DATA COLLECTION STRATEGIES AND DATA QUALITY PREDICT IONS
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Bourenkov, G.P. & Popov, A.N. (2010). Optimization of data collection 
taking radiation damage into account. Acta Cryst. D66, 409-419.
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METHODS FOR S/MAD DATA COLLECTION - II

The Inverse-beam Method – Crystal mounted in a random
orientation. Data are collected in one contiguous oscillation
range (from φ = Xo to φ = Yo) such that data is as complete as
possible for a ‘standard’ data collection. The Freidel mates of
these reflections are then collected by inverting the
orientation of the crystal and collecting the equivalent data
(i.e. by collecting from φ=180+Xo to φ=180+Yo). Can also
collect in smaller wedges.

Freidel pairs are measured with the same path-length throug h
crystal (absorption).

Freidel pairs are collected close together in time (if we use small
wedges).

Freidel pairs measured with the same multiplicity .
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METHODS FOR S/MAD DATA COLLECTION - III

The ‘Set-Crystal’ Method – Here the crystal is mounted such
that the principle rotation axis of the crystal point group is
parallel to the spindle axis of the goniometer. If this rotation
axis is even-fold (i.e. 2, 4, 6) then:

Bijvoet mates are collected on the same oscillation image.

Bijvoet mates are collected after same total exposure time.

Bijvoet mates suffer from ‘same’ absorption and radiation damage.

(Mini-)Kappas make this straightforward
l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon LeonardPage 44

USING KAPPA GONIOMETERS
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A ‘PROBLEM’ WITH SET CRYSTAL METHOD
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Ewald Sphere
The ‘Blind’ Region:

Shaded region will never pass
through Ewald Sphere. Need
to collect data in a second
orientation to ensure data is
properly complete.

Size of blind region: 2
min

2

2d
λ
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HOW DO WE KNOW THAT OUR PHASING EXPERIMENT HAS WORK ED?
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Electron density map is the best metric
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BUT, ‘SUCCESS’ INDICATORS FOR EXPERIMENTAL PHASING PROTOCOLS ARE AVAILABLE 
AT ALL STAGES OF THE EXPERIMENT

• Before arriving at beamline

If possible, check that heavy atom is bound 

What is the expected anomalous signal?

• Before data collection

Experimentally measure absorption edge

What will the data quality be?

• After data integration and scaling

What is the real data quality?
Is there any anomalous signal in the data?

How far (to what resolution) does the anomalous sig nal extend?
Are more data needed to try to improve things?

• Substructure determination

� Correct/reasonable number of heavy atom sites
� Correlation coefficients

• Phasing

� One hand significantly better than the other?
� What does ‘best’ electron density map look like? 
� Does auto-building work?

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon LeonardPage 48



17/12/2016

17

AFTER DATA PROCESSING – ARE THE DATA GOOD?

0;1);(/)( 2 ==><−= InterceptSlopeIII hklhklhklhkl σδ
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AFTER DATA PROCESSING – IS THERE ANY ‘SIGNAL’ IN THE DATA?

?mergeanom RR >
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)(/|)()(| hklIhklIhklIR ihkliiihklmerge ΣΣ><−ΣΣ=

2/|)()(|/|)()(| hklIhklIhklIhklIR hklhklanom

−+−+ +Σ−Σ=

Page 50

AFTER DATA PROCESSING – IS THERE ANY ‘SIGNAL’ IN THE DATA?

2/122 )]()(/[)( −+−+ +−= IIIIobs σσδ
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The presence of anomalous signal can be deduced from a normal probability plot of the 
normalized measured anomalous differences The slope of the central region of this plot will 
be > 1 if the anomalous differences are larger than expected from their standard deviations 
(i.e. if there is significant measured anomalous signal)

(Howell, P. L. & Smith, G. D. (1992). J. Appl. Cryst. 25, 81-86; Evans, P. (2006). Acta Cryst. D62, 72-82.)
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MAD DATA SETS

''''''
edgeremotepeak fff >>
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edgeremotepeak SlopeSlopeSlope >>

CCanom (pk/ip)
CCanom (pk/rm)
CCanom (ip/rm)

Evans, P. (2006). Acta Cryst. D62, 72-82
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AFTER DATA PROCESSING – IS THERE ANY SIGNAL IN THE DA TA?

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard

What is the correlation coefficient between anomalous differences in two 
half data sets chosen at random? What do scatter plots look like?

no 
anomalous 
signal

Strong 
anomalous 
signal
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DATA PROCESSING – SUMMARY
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FAE; ∆F/F ~5.4%; λ = 0.97 Å (S.G. = P212121; 160o data)

Page 54
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AFTER DATA PROCESSING – SUBSTRUCTURE DETERMINATION, P HASE CALCULATIONS 
AND ELECTRON DENSITY MAPS
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A slightly less clear-cut example….
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AFTER DATA PROCESSING – IS THERE ANY SIGNAL IN THE DA TA?

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard

)(/|)()(| hklIhklIhklIR ihkliiihklmerge ΣΣ><−ΣΣ=

2/|)()(|/|)()(| hklIhklIhklIhklIR hklhklanom

−+−+ +Σ−Σ=

Hmmmm………?mergeanom RR >
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AFTER DATA PROCESSING – IS THERE ANY SIGNAL IN THE DA TA?

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon Leonard
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Rp.i.m. (Precision-Indicating Merging 
R factor; Weiss, M. S. (2001). J. 
Appl. Cryst. 34, 130-135; a measure 
of the quality of the data after 
averaging the multiple 
measurements.

A better indicator is the
ratio Ranom/Rp.i.m.; Ranom

= signal, Rp.i.m. = noise. 
(Weiss, M. S., Sicker, T. 
& Hilgenfeld, R. (2001). 
Structure, 9, 771-777; 
Panjikar, S. & Tucker, P. 
(2002). J. Appl. Cryst.
35, 261-266.)
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Normal probability plot - anomalous differences

(Howell, P. L. & Smith, G. D. (1992). J. Appl. Cryst. 25, 81-86; Evans, P. (2006). Acta Cryst. D62, 72-82.)
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What is the correlation coefficient between anomalous differences in two 
half data sets chosen at random? Where is the point that CCanom drops 
below 30%?

no 
anomalous 
signal

Strong 
anomalous 
signal
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AFTER DATA PROCESSING – IS THERE ANY SIGNAL IN THE DA TA (XDS)?
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Bovine Trypsin; S-SAD; S.G. = P212121; 360o data; λ = 1.77Å (7.0 keV)
(∆F/F ~1.4%)

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon LeonardPage 62

AFTER DATA PROCESSING – ARE THE DATA GOOD?
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)(/|)()(| hklIhklIhklIR ihkliiihklmerge ΣΣ><−ΣΣ=
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AFTER DATA PROCESSING – ANY SIGNAL?

mergeanom RR <
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2.1/ ... <mipanom RR

)(/|)()(|)1/(1[ 2/1

.. hklIhklIhklINR ihkliiihklmip ΣΣ><−Σ−Σ=

)(/|)()(| hklIhklIhklIR ihkliiihklmerge ΣΣ><−ΣΣ=

2/|)()(|/|)()(| hklIhklIhklIhklIR hklihklanom
−+−+ +Σ−Σ=
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AFTER DATA PROCESSING – IS THERE ANY SIGNAL IN THE DA TA?

l CCP4-DLS Workshop December 2016l Experimental Pha sing l Gordon LeonardPage 65

AFTER DATA PROCESSING – SHELXC/SHELXD/SHELXE OUTPUT
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