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Abstract

Recent trends have been to develop electron diffraction methods to study
matter, especially smaller proteins’ structures. This paper describes the de-
velopment of an exact computational method for electron diffraction. The
first step of this process focuses on the exact computation for a linear struc-
ture. The second step generalizes it for an arbitrary configuration. The re-
sults of the simulations are presented and discussed. They show the validity
of the implantation. The computation can surely be improved, particularly
in terms of computational complexity.

Keywords : Electron diffraction, crystallography, numerical analysis, scat-
tering

Résumé

Bien que la diffractométrie de rayons X ait largement faite ses preuves dans
l’analyse de la structure de la matière, cette dernière ne permet pas l’étude
de plus petites structures, c’est pourquoi le développement de la diffrac-
tion par électrons s’avère pertinante. Ce travail décrit le développement
d’une méthode de calcul exacte de diffraction par électrons. Dans un pre-
mier temps, le processus s’attache à résoudre le problème dans le cas d’une
structure linéaire, puis dans un second temps, d’une structure arbitraire.
Les résultats des simulations sont présentées et analysées, et montrent la
validité de la méthode d’implementation. Celle-ci pourra largement être
améliorée, notament en terme de complexité de calcul.

Mots-clés : Diffraction des électrons, cristallographie, analyse numérique,
diffusion des ondes
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Introduction

In the past century, X-ray crystallography has largely been the dominating
method to solve atomic and molecular structure of a crystal. But efficient
though it may be, scientists have found to be limited by its poor resolving
power. Recent trends have been leaning towards a new diffraction method
using the electrons strong interaction with matter : electron diffraction. It
has thus became crucial to better our understanding of its behaviour with
matter. In this work, we develop the exact calculations of electron scattering
by single organic crystal using a simplified model of the atomic electrostatic
potential.

First of all, we will briefly introduce electron diffraction and the Schrodinger’s
equation. Secondly, we will calculate the exact solution in the linear case,
and then, generalized it to the arbitrary configuration. Finally, we will look
at one perspective to optimize the calculation speed.
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Chapter 1

Electron diffraction

1.1 Introduction to electron diffraction

1.1.1 The limits of X-ray crystallography

Developed in 1920, X-ray crystallography is a largely popularized experi-
mental method to determine the atomic and molecular structure of a crys-
tal. Indeed, as X-rays have minimal interaction with matter, the kinematic
approximation, which assimilates the diffraction figures to the 3D Fourier
transform of the electronic density of the studied structure, can be used.
Therefore, by doing the inverse Fourier transform, the structure of the crys-
tal can easily be determined.

However, the main disadvantage of this method is that the X-rays have
a wavelength that only allows a resolving power of the inter-atomic radius.
It is therefore essential to grow the crystals to an appropriate size : to ap-
proximately the µm3 or cm3, which can be a challenge, especially in the case
of proteins. This makes it very difficult to study their structure by X-ray
diffraction.

1.1.2 Electron diffraction’s challenges

Electron diffraction can thus be a very promising alternative. Indeed, very
much like X-ray crystallography, electron diffraction consists in the study of
the matter’s structure, but instead of X-ray, it is based on the wave nature
of electrons. The major perk of this method is that it allows a resolving
power of approximately the nanometer, as electrons interact much more
with matter. Therefore, making smaller crystals easier to study. This meth-
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ods appears to be more appropriate to determine certain proteins’ structure.

However, because of electrons’ particular behavior with matter, the kinetic
theory may not apply in this case, as the electrons are scattered several times
before appearing on the screen. This is the reason why developing a compu-
tational method has become crucial to better our understanding of multiple
scattering. A computation method, which simulates the multiple scattering
of metals, called multislice, has already been developed, but gives approxi-
mated results. Thus, this work aims at developing an exact computational
method, based on the resolution of the Schrodinger equation.

1.2 Scattering

1.2.1 Schrodinger’s equation in the considered model

The Schrodinger’s equation writes :

j~∂tΨ(t, r) =
(
− ~2

2m
∇2 + V (t, r)

)
Ψ(t, r),

(i) Simplified model of the atomic electrostatic potential
In our problem, we consider a simplified model of the atomic electrostatic
potential, which means that the potential energy is constant inside each
quantum dot sphere.

(ii) Schrodinger’s equation in the considered model
Because the potential is not time dependant, the equation then reads :(

− ~2

2m
∇2 + V (r)

)
Ψ(r) = EΨ(r).

It is an eigen value problem.

1.2.2 Solutions

In our work, we will consider the Schrodinger’s equation in spherical coor-
dinates. Thus, a family of functions solution of our eigen value problem is
the family of spherical Bessel functions. These functions are comprised of 2
parts : an angular part and a radial part.
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The angular function corresponds to different spherical harmonics Y m
l (θp, φp).

They are the angular solution of the Schrodinger’s equation in spherical co-
ordinates.

The radial functions corresponds to the Bessel functions, of the first kind
jl(krp) inside the sphere, and of the second kind, hl(krp), called Hankel
functions, outside.

Any wave function can thus be expended on the family function (Y m
l (θp, φp)jl(krp))lm

inside of the pth sphere, and (Y m
l (θp, φp)hl(krp))lm outside. (Note that a

distinction is made because the Bessel function of the second kind diverges
when the radius converges to 0.)

The computation of the solution, therefore, consists of finding the coeffi-
cients of expansion so that the wave function and its gradient are continue
at the surface of the pth sphere.
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Chapter 2

Linear configuration of N
quantum dot spheres

In this chapter, we consider a linear configuration of N quantum dot spheres,
of which we will study the diffracted field. The problem have an azimuthal
symmetry. First, we will focus on the formulation of the problem, then on
its implementation and verification. Finally we will apply this simulation to
an example.

Figure 2.1: Linear configuration

2.1 Formulation

2.1.1 Scattered field

Let al and bl be the coefficients of expansion in the family of spherical Bessel
functions with an azimuthal order 0.
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For p ∈ [1, N ].
The scattered wave function outside of the pth sphere is defined as :

f (out)
p (rp) =

∞∑
l=0

bplhl(k0rp)Y
0
l (θp),

where {
k0 =

√
2meE0

~2 The wave number of the incident wave,

E0 The energy of the incident wave.

The scattered wave function inside of the pth sphere is defined as :

f (in)
p (rp) =

∞∑
l=0

apljl(kprp)Y
0
l (θp),

where{
kp = k0

√
1 +

Vp
E The wave number inside the pth sphere

Vp The constant potential inside the pth sphere

The incident wave function is defined as :

f (i)(rp) = ejk0dpcljl(k0rp)Y
0
l (θp),

where

cl = jl(2l + 1)

√
4π

2l + 1
, .

2.1.2 Continuity relations

Using the continuity relation of the wave function and its gradient at the
surface of the pth sphere, with ap its radius, we can deduce the expansion’s
coefficients apl and bpl.

(∑N
q=1 f

(out)
q + f (i)

)∣∣
rp=ap

=
(
f

(in)
p

)∣∣
rp=ap

;

∂rp

(∑N
q=1 f

(out)
q + f (i)

)∣∣
rp=ap

= ∂rp

(
f

(in)
p

)∣∣
rp=ap

.

The first continuity relation gives :

(
f (in)
p −

N∑
q=1

f (out)
q

)∣∣
rp=ap

=
(
f (i)
)∣∣
rp=ap
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Substituting f
(in)
p , f

(out)
q and f (i) for their developed expressions we get :

∞∑
l=0

apljl(kpap)Y
0
l (θp)−

( N∑
q=1

∞∑
l=0

bqlhl(k0rq)Y
0
l (θq)

)∣∣
rp=ap

= ejk0dpcljl(k0ap)Y
0
l (θp).

When q 6= p, in the second term of the equation, we have to express the
qth sphere in the pth frame of reference. This is why we introduce the
translational addition theorem [4][5] :

Translational addition theorem

The spherical wave function ψl,m from reference O(r) to O(r′) where
t = r

′ − r.

ψ
(out)
l,m (r

′
) =

∞∑
ν=0

n∑
µ=−n

al,m;ν,µ(t)(out−in)ψ(in)
ν,µ (r),

with aout−inl,m;ν,µ(t) = 4π
∑l+ν

q=|l−ν| (−i)
l−ν−q ψ

(out)
q,m−µ(t) (−1)mG(l, ν, q,m,−µ,−m+

µ), when G are the Gaunt coefficients

Thus, using the translational addition theorem for ψ
(out)
l,0 =

∑∞
l=0 bqlhl(k0rq)Y

0
l (θq)

when q 6= p, the equation writes :

∞∑
l=0

apljl(kpap)Y
0
l (θp)−

∞∑
l=0

bplhl(kpap)Y
0
l (θp)−

N∑
q 6=p

∞∑
n=0

∞∑
l′=0

a
(out)
n0,l′0bqnjn(k0ap)Yl

′0(θp)

= ejk0dpcljl(k0ap)Y
0
l (θp)

By multiplying the equation by Y 0∗
l dΩ and then integrating on Ω, the equa-

tion reads :∫
Ω

∞∑
l=0

apljl(kpap)Y
0
l (θp)Y

0∗
l dΩ−

∫
Ω

∞∑
l=0

bplhl(kpap)Y
0
l (θp)Y

0∗
l dΩ

−
∫

Ω

N∑
q 6=p

∞∑
n=0

∞∑
l′=0

a
(out)
n0,l′0bqnjn(k0ap)Y

0
l′ (θq)Y

0∗
l dΩ =

∫
Ω
ejk0dpcljl(k0ap)Y

0
l (θp)Y

0∗
l dΩ

Using the orthogonality of the spherical harmonics
∫

Ω Y
m
l Y m∗

l dΩ = δm,m
′

l,l′

we finally get :

apljl(kpap)− bplhl(k0ap) − jl(k0ap)

N∑
q 6=p

∞∑
n=0

an0,l0bqn = ejk0dpcljl(k0ap)
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Similarly the second continuity relation gives :

kpapl∂ρjl(kpap)− k0bpl∂ρhl(k0ap) − k0∂ρjl(k0ap)
N∑
q 6=p

∞∑
n=0

an0,l0bqn = k0e
jk0dpcl∂ρjl(k0ap)

2.1.3 Far field and scattering cross section

(i) Far field
In the far field, we can make the following approximation :

(k0rp) ≈ (−j)l+1 e
jk0rp

k0rp

Thus, the pth sphere contribution reads :

f rp (θ) =
∞∑
l=0

hl(k0rp)bplY
0
l (θ).

Hence,

f rp (θ) =
∞∑
l=0

(−j)l+1 e
jk0rp

k0rp
bplY

0
l (θ) =

ejk0rp

k0rp
fp(θ),

by defining fp(θ) = (−j)l+1bplY
0
l (θ).

More over, in the far field, θp ≈ θ and rp ≈ r − dp cos θ. Indeed :

r2 = r2
p + d2

p + 2rpdp cos (θ −Θp) (2.1)

≈ r2
p

(
1 + 2dp/rp cos (θ −Θp)

)
(2.2)

r ≈ rp + dp cos (θ −Θp) (2.3)

(2.4)

Using theses approximations and the fact that the total scattering amplitude
is the sum of the contribution from all individual spheres, we get :

f(r, θ) =

N∑
p=1

fp(r, θ) =

N∑
p=1

ejk0r

k0rp
e−jk0dpcos(θ)fp(θ) =

ejk0r

k0rp
f(θ),

where :

f(θ) =

∞∑
l=1

(−j)l+1Y 0
l (θ)

N∑
p=1

bple
−jk0dp cos θ
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(ii) Scattering cross section

Using the definition of f(θ) and the definition of the scattering cross section
:

σ = 4πr2

∣∣∣∣∣ f(r, θ)

f (i)(r, θ)

∣∣∣∣∣
2

The normalized differential scattering cross section reads :

σ(θ)

πa2
p

=
4|f(θ)|2

(k0ap)
2

2.2 Implementation

2.2.1 Linear system

This system of linear equations can be rewritten in the following matrix
form :

(P− T)A = L

with A the unknown vector, P the matrix of each individual uncoupled
sphere, T the cross-coupling matrix and L the incident wave’s matrix, where :

A =



a10
...

a1,nmax

a2,0
...

aN,nmax
b10
...

b1,nmax
b2,0

...
bN,nmax



, P =



j0(k1a1) 0 0 −h0(k0a1) 0 0
... ...

0 0 jM (kNaN ) 0 0 −hM (k0aN )
k1∂ρj0(k1a1) 0 0 −∂ρh0(k0a1) 0 0

... ...
0 0 kN∂ρjM (kNaN ) 0 0 −∂ρhM (k0aN )

,
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L =



ejk0d1c0j0(k0a1)
...

ejk0d1cnmaxjnmax(k0a1)
ejk0d2c0j0(k0a2)

...
ejk0dN cnmaxjnmax(k0aN )
k0e

jk0d1c0∂ρj0(k0a1)
...

k0e
jk0d1cnmax∂ρjnmax(k0a1)
k0e

jk0d2c0∂ρj0(k0a2)
...

k0e
jk0dN cnmax∂ρjnmax(k0aN )



, T =

[
0 T1

0 T2

]
, where

{
T1 = Q · J1

T2 = Q · J2

,

Q =



0 ... 0 a00,00(k0d1N , θ1N ) ... anmax0,00(k0d1N , θ1N )
0 ... 0 a00,nmax0(k0d1N , θ1N ) ... an0,l0(k0dpq, θpq)

an0,l0(k0dpq

a00,00(k0dN1, θN1) ... anmax0,00(k0dN1, θN1) 0 ... 0
a00,nmax0(k0dN1, θN1) ... anmax0,nmax0(k0dN1, θN1) 0 ... 0



J1 =



j0(k0a1)
j1(k0a1)

...

...
jnmax−1(k0aN )
jnmax(k0aN )


, J2 =



∂ρj0(k0a1)
∂ρj1(k0a1)

...

...
∂ρjnmax−1(k0aN )
∂ρjnmax(k0aN )


.

2.2.2 Analytical solution of a single quantum dot sphere
scattering

Let’s compute the analytical solution in the case of a single quantum dot
sphere with l=0 in order to get familiar with the set of equations.

In this particular case, there is obviously no cross-coupling matrix. Hence,
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the system can be written as :[
j0(k1a1) −h0(k0a1)

k1∂ρj0(k1a1) −∂ρh0(k0a1)

] [
a10

b10

]
=

[
ejk0d1c0j0(k0a1)

k0e
jk0d1c0∂ρj0(k0a1)

]
Using the gaussian elimination, we finally the analytical values of a10 and
b10 :  a10 = c0

−∂k0rh0(k0a1)j0(k0a1)+h0(k0a1)∂k0rj0(k0a1)

k1∂k1rj0(k1a1)h0(k0a1)−j0(k1a1)∂k0rh0(k0a1)

b10 = c0
−k1∂k1rj0(k1a1)j0(k0a1)+jl(kpap)∂k0rj0(k0a1)

k1∂k1rj0(k1a1)h0(k0a1)−j0(k1a1)∂k0rh0(k0a1)

2.3 Validation of the implementation in the linear
configuration

2.3.1 Continuity of the wave function

In order to validate our implementation, the continuity of the computed
total wave function should be verified.

Thus, we’ve considered the problem with the following parameters :

Radius : 3, 1.5, 3.5, Distance inter−spheres : −3, 5, 8, kp = 1.25, nmax = 10.

The incident, the scattered and the total wave functions have been plotted
on the graphs.

From the graph we can see that the total wave function is indeed the result
of the sum of the incident wave function and the computed scattered wave
function. Furthermore, the total wave function seems to verify the continu-
ity property.
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Figure 2.2: Incident wave function
- Linear case

Figure 2.3: Scattered wave func-
tion - Linear case

Figure 2.4: Total wave function - Linear case
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In order to check more accurately the continuity, we’ve computed the error
defined as the sum of the difference Ψ|r=a+p −Ψ|r=a−p for each quantum dot

sphere, which represents the value of the discontinuity at the edge of the
spheres.

Then, the error has been plotted on the graph. The x axis indicates the
maximal order Nmax and the y axis shows the logarithm of the absolute
value of the error.

Figure 2.5: Convergence error of Ψ|r=a+p −Ψ|r=a−p - Linear case

The graph shows that the error decreases as the value of the maximal or-
der Nmax increase. The error’s order of magnitude is approximately 10−10,
which comforts us in the accuracy of our implementation.

2.3.2 Convergence test

Let’s now check if the computed field converges to the solution. To do so,
the scattering amplitude for different values for Nmax, ranging from 1 to 7
has been plotted.

As we can see, figure 2.5, from nmax=4 onward, the exact solution is com-
puted. Thus, as expected, the computed field converges as we go up in

QUACH Christine / STFC
Non-confidential report and publishable on the internet

20



Electron diffraction : An upheaval in Crystallography

Figure 2.6: Convergence test - Linear case

orders.

2.4 Example case

Let’s consider a case with an added perturbation of the distances between
each quantum dot spheres. The considered parameters are the following :

N=5,10,20; ka(radius)=1; kd((distance inter-spheres))=2.5ka+eps, where eps
varies in [0;0.5] and nref=1.1

2.4.1 Far field scattering

First, we’ve taken a look at the impact of the perturbation on the scattered
field for different numbers of spheres.

The scattering amplitude has thus been plotted for each value of eps ranging
from 0 to 0.5, in the case N=5,10 and 20.

From the graph we can see that the added perturbation have a relatively
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Figure 2.7: Scattering amplitude for a few eps - N=5

Figure 2.8: Scattering amplitude for a few eps - N=10

low impact on the scattering amplitude in the case with 5 spheres. But
as the number of spheres increases, the interference seem to disappear into
what looks like noise.

QUACH Christine / STFC
Non-confidential report and publishable on the internet

22



Electron diffraction : An upheaval in Crystallography

Figure 2.9: Scattering amplitude for a few eps - N=20

2.4.2 Scattering cross section

Secondly, we looked at how the scattering cross section behave with the
added perturbation.

The scattering cross section has been plotted on the graph. The x axis
indicates the values of the perturbation,eps, and the y axis shows the nor-
malized cross section. As we can see from Figure 2.9, the scattering cross

Figure 2.10: Normalized scattering cross section for randomized case -
N=5,10,20

section of the total system is constant over the perturbation eps. We can
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therefore deduce that the sum of each sphere’s cross section is equal to the
total system’s cross section.
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Chapter 3

Arbitrary configuration of N
quantum dot spheres

In this third chapter, we will consider an arbitrary configuration of N quan-
tum dot spheres. Contrary to the linear configuration, the problem has lost
its azimuthal symmetry. The magnetic quantum number is now non-zero.

Similarly to the previous chapter, we will focus on the formulation of the
problem, then on the implementation and finally on its validity.

Figure 3.1: Arbitrary configuration

3.1 Formulation

3.1.1 Scattered field

By decomposing the wave function in the base of the spherical Bessel solu-
tions, we get the following expressions :
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For p ∈ [1, N ].
The scattered wave function outside of the pth sphere is defined as :

f (out)
p (rp) =

∞∑
l=0

hl(k0rp)
m=l∑
m=−l

bp;lmY
m
l (θp, φp),

where {
k0 =

√
2meE0

~2 The wave number of the incident wave,

E0 The energy of the incident wave.

The scattered wave function inside of the pth sphere is defined as :

f (in)
p (rp) =

∞∑
l=0

jl(kprp)
m=l∑
m=−l

ap;lmY
m
l (θp, φp),

where{
kp = k0

√
1 +

Vp
E The wave number inside the pth sphere

Vp The constant potential inside the pth sphere

The incident wave function is defined as :

f (i)(rp) = ejk0dpζpclmjl(k0ap)Y
m
l (θp, φp),

where

cl = 4πjlY
m∗
l (α, π/2), dpq = |dq−dp|, ζp = sin(Θp) sin(Φp) sin(α)+cos(Θp) cos(α),

where α is the incidence wave’s angle.

3.1.2 Continuity relations

Similarly to the linear configuration of N quantum dot spheres (chapter 2),
using the continuity relation of the wave function and its gradient at the
surface of the pth sphere, with ap its radius, we can deduce the decomposi-
tion coefficients apl and bpl.
The continuity relation reads :

(∑N
q=1 f

(out)
q + f (i)

)∣∣
rp=ap

=
(
f

(in)
p

)∣∣
rp=ap

,

∂rp

(∑N
q=1 f

(out)
q + f (i)

)∣∣
rp=ap

= ∂rp

(
f

(in)
p

)∣∣
rp=ap

.
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The first continuity then reads :

(
f (in)
p −

N∑
q=1

f (out)
q

)∣∣
rp=ap

=
(
f (i)
)∣∣
rp=ap

Substituting f
(in)
p , f

(out)
p and f (i) for their developed expressions we get :

∞∑
l=0

l∑
m=−l

ap;lmjl(kpap)Y
m
l (θp, φp)−

( N∑
q=1

∞∑
l=0

l∑
m=−l

bq;lmhl(k0rq)Y
m
l (θq, φq)

)∣∣
rp=ap

= ejk0dpζpclmjl(k0ap)Y
m
l (θp, φp).

Using the translational addition theorem[4][5] for ψ
(out)
l,m =

∑∞
l=0

∑l
m=−l bq;lmhl(k0rq)Y

m
l (θq)

when q 6= p, the equation reads :

∞∑
l=0

l∑
m=−l

ap;lmjl(kpap)Y
m
l (θp, φp)−

∞∑
l=0

l∑
m=−l

bp;lmhl(kpap)Y
m
l (θp, φp)

−
N∑
q 6=p

∞∑
ν=0

ν∑
µ=−ν

∞∑
l′=0

l′∑
m′=−l′

a
(out)
νµ,l′m′(dpq, θpq, φpq)bq;νµjν(k0ap)Y

m′
l′ (θp, φp) = ejk0dpζpclmjl(k0ap)Y

m
l (θp, φp)

By multiplying the equation by Y m∗
l dΩ and then integrating on Ω, the

equation writes :∫
Ω

∞∑
l=0

l∑
m=−l

ap;lmjl(kpap)Y
m
l Y m∗

l dΩ−
∫

Ω

∞∑
l=0

l∑
m=−l

bp;lmhl(kpap)Y
m
l Y m∗

l dΩ

−
∫

Ω

N∑
q 6=p

∞∑
ν=0

ν∑
µ=−ν

∞∑
l′=0

l′∑
m′=−l′

a
(out)
νµ,l′m′(dpq, θpq, φpq)bq;νµjν(k0ap)Y

m′
l′ Y

m∗
l dΩ

=

∫
Ω
ejk0dpζpclmjl(k0ap)Y

m
l Y m∗

l dΩ

Using the orthogonality of the spherical harmonics
∫

Ω Y
m
l Y m′∗

l′ dΩ = δm,m
′

l,l′

we finally get :

ap;lmjl(kpap)− bp;lmhl(k0ap)− jl(k0ap)

N∑
q 6=p

∞∑
ν=0

µ=ν∑
µ=−ν

a
(out−in)
ν,µ;l,m bq;νµ = ejk0dpζpclmjl(k0ap).
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The second continuity relation gives :

kpap;lm∂ρjl(kpap)−k0bp;lm∂ρhl(k0ap)−k0∂ρjl(k0ap)
N∑
q 6=p

∞∑
ν=0

µ=ν∑
µ=−ν

a
(out−in)
ν,µ;l,m bq;νµ

= k0e
jk0dpζpclm∂ρjl(k0ap)

3.2 Implementation of an arbitrary N quantum
dot spheres

3.2.1 Linear system

This system of linear equations can be rewritten in the following matrix
form :

(P− T)A = L,

with A the unknown vector, P the matrix of each individual uncoupled
sphere, T the cross-coupling matrix and L the incident wave’s matrix, where
:

A =



a100

...
a10m

...
a1,nmax,nmax

a2,0,0

...
a2,0,m

...
aN,nmax,nmax
b1,0−nmax

...
b10m

...
b1,nmax,nmax

b2,0,0
...

b2,0,m
...

bN,nmax,nmax



, L =



ejk0d1ζ1c00j0(k0a1)
...

ejk0d1ζ1c0mj0(k0a1)
...

ejk0d1ζ1cnmax,nmaxjnmax(k0a1)
ejk0d2ζ2c00j0(k0a2)

...
ejk0d2ζ2c0mj0(k0a2)

...
ejk0dN ζpcnmax,nmaxjnmax(k0aN )

k0e
jk0d1ζ1c00∂ρj0(k0a1)

...
k0e

jk0d1ζ1c0m∂ρj0(k0a1)
...

k0e
jk0d1ζ1cnmax,nmax∂ρjnmax(k0a1)
k0e

jk0d2ζ2c00∂ρj0(k0a2)
...

k0e
jk0d2ζ2c0m∂ρj0(k0a2)

...
k0e

jk0dN ζpcnmax,nmax∂ρjnmax(k0aN )



,
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T =

[
0 T1

0 T2

]
, where

{
T1 = Q · J1

T2 = Q · J2

,

Q =



0 ... 0 aνµ,lm(k0dpq, θpq) ... aνµ,lm(k0dpq, θpq)
0 ... 0 aνµ,lm(k0dpq, θpq) ... aνµ,lm(k0dpq, θpq)

aνµ,lm(k0dpq, θpq) ... aνµ,lm(k0dpq, θpq) 0 ... 0
aνµ,lm(k0dpq, θpq) ... aνµ,lm(k0dpq, θpq) 0 ... 0



J1 =



j0(k0a1)
j0(k0a1)

...
jnmax(k0a1)
jnmax(k0a1)

...
jnmax(k0aN )
jnmax(k0aN )


, J2 =



∂ρj0(k0a1)
∂ρj0(k0a1)

...
∂ρjnmax(k0a1)
∂ρjnmax(k0a1)

...
∂ρjnmax(k0aN )
∂ρjnmax(k0aN )


,

P =



j0(k1a1) 0 0 −h0(k0a1) 0 0
... ...

0 0 jM (kNaN ) 0 0 −hM (k0aN )
n1∂ρj0(k1a1) 0 0 −∂ρh0(k0a1) 0 0

... ...
0 0 nN∂ρjM (kNaN ) 0 0 −∂ρhM (k0aN )

.

3.3 Validation of the implementation

3.3.1 Continuity of the wave function

Similarly as the linear case, in order to validate our implementation, the
continuity of the computed total wave function should be verified.
Thus, we’ve considered the problem with the following parameters :

Radius : [2.4, 4, 2.4], Distance inter−spheres : z : [5,−4.5, 4.5], y : [0, 4.5, 4.5]

kp = 1.25, nmax = 7.

The incident, the scattered and the total wave functions have been plotted
on the graphs.

As we can see from the Figure 3.4, the total wave function seems to verify
the continuity condition, which comforts us in our implementation.
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Figure 3.2: Incident wave function
- Arbitrary case

Figure 3.3: Scattered wave func-
tion - Arbitrary case

Figure 3.4: Total wave function - Arbitrary case
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In order to have a more accurate look at the continuity of the computed
field at the edge of each spheres, we’ve defined the error as sum of the dif-
ference Ψ|r=a+p −Ψ|r=a−p on each quantum dot sphere.

The error has thus been plotted on the graph. The x axis indicates the
maximal order Nmax and the y axis shows the logarithm of the absolute
value of the error.

Figure 3.5: Convergence error of Ψ|r=a+p −Ψ|r=a−p - Arbitrary case

From the graph we can see that the error decreases as the order goes up. It
even reaches a plateau at 10−16 which corresponds to the order of magnitude
of a machine precision. We can thus be confident in the validity of our
implementation.
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3.3.2 Convergence test

The continuity of the computed field has been checked, now let’s see if
the implementation allows the computed field to convergence towards the
solution.
The scattered far field for different values of nmax ranging from 1 to 8 has
been plotted on the graph. The x axis indicates the angle θ and the y axis
shows the amplitude of the field.

Figure 3.6: Convergence test - Arbitrary case

The graph shows that from Nmax=4 onward, the exact solution is computed.
We can therefore conclude with confidence that the computed field converges
towards the solution.
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Chapter 4

Optimization of the
computational speed

In this last chapter we will focus on the optimization of the field compu-
tation’s speed. We will first look at a more adapted implementation of
spherical harmonics, then run speed tests.

4.1 Implementation of the spherical harmonics

In the original code, the spherical harmonics were computed using the library
scipy.special whose function, sph harm, computed the spherical harmonics,
for l and m, and the position θ and φ given, defined as :

Y m
l (θ, φ) =

√
2n+ 1

4π

(n−m)!

(n+m)!
eimφPml (cos(θ)).

Pml are the associated Legendre polynomials, computed by solving the fol-
lowing differential equation :

Pml (x) = (−1)m(1− x2)m/2
dm

dxm
Pl(x),

where

Pl(x) =

∞∑
k=0

(−l)k(l + 1)k
(k!)2

(
1− x

2
)k.

This process majorly affected the computational speed as it requires to solve
the differential equation for each and every value of l ranging from 0 to nmax
and m between -l and l to compute the spherical harmonics.
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Thus, using a recurrence formula to compute the spherical harmonics on
the fly seemed like a more suitable option for our problem.

4.1.1 Legendre polynomials recurrence formula

(i) Theory
The Legendre polynomials Pml can be computed using the following recur-
rence formula :

Initialization : 
P 0

0 (x) = 1

P 1
1 (x) = −(1− x2)1/2

P−1
0 (x) = −1

2P
1
1 (x)

For l > 0 :{
P l+1
l+1 (x) = −(2l + 1)

√
1− x2P ll (x) for m = l

(l −m+ 1)Pml+1(x) = (2l + 1)xPml (x)− (l +m)Pml−1(x) for m 6= l

(ii) Implementation
As the computation of the field requires each value of the spherical har-
monics for l and m, the Legendre polynomials are implemented in a matrix
assembled as :

P 0
0 0 0 0 0 0 0 0 0

P 0
1 P 1

1 0 0 0 0 0 0 P−1
1

P 0
2 P 1

2 P 2
2 0 0 0 0 P−2

2 P−1
2

P 0
3 P 1

3 P 2
3 P 3

3 0 0 P−3
3 P−2

3 P−1
3

P 0
4 P 1

4 P 2
4 P 3

4 P 4
4 P−4

4 P−3
4 P−2

4 P−1
4

 ,

using the recurrence formula. The following spherical harmonics are thus
computed using the previous ones.

This implementation method then allows to output the computation of the
spherical harmonics out of the 2 for loops on l and m.

4.1.2 Validation

In order to validate our implementation, we compare the spherical harmonics
computed by the scipy.special.sph harm function to our implementation
using the recurrence formula.
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Figure 4.1: Spherical harmonics for
l=10, m=-3

Figure 4.2: Spherical harmonics for
l=10, m=3

In the example bellow, the spherical harmonics are computed for l=10 and
m=-3 and 3, where φ = 0 and θ ∈ [0;π]

4.2 Speed tests

4.2.1 Speed tests on spherical harmonics and scattered field

(i) Computation of the spherical harmonics
We compare the computational speed of the two different methods, in the
case where the spherical harmonics are calculated for φ = 0, θ ∈ [0, φ] and
l=10 (which corresponds to the maximum value generally needed to compute
the scattered field) and ∈ [−l, l].

Recurrence formula Scipy’s function

Spherical harmonics 0.004826784133911133 s 0.16061711311340332 s

As shown in the table, using the recurrence formula implementation allows
a gain of 3 orders of magnitude in speed, which is not negligible.

(ii) Computation of the scattered field
Let’s see if there is an actual gain in speed in the scattered field computation.

Recurrence formula Scipy’s function

Scattered field 20.19532084465027 s 25.091874837875366 s
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This time, the recurrence formula implementation doesn’t give a significant
gain in speed.

4.3 Discussion and perspectives of improvement

As we can see from table 2, there is not a significant gain of time in the
computation of the speed, or at least not as much as expected, meaning
that the computation speed is slowed down by an other element in the code.

Another possibility could come from the fact that because when we use the
translational addition theorem in the code, the Gaunt coefficients have to be
computed one by one for each value of l and m using the sage.math library,
which slows down the computational speed. A perspective of improvement
could be to implement the computation of these coefficients, using a vector-
alized function.

Moreover, an alternative solution could also be to implement the compu-
tation that in C++ language, using fortran, to gain computational speed.
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Figure 4.3: Gantt chart
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Conclusion

In this work, a brief introduction of electron diffraction and its challenges
was made, stressing the importance of developing new exact methods to
solve Schrodinger’s equation. The exact computation of a linear configura-
tion of N quantum dot spheres has been presented, and generalized to the
arbitrary case. The implementation has then been verified, and its speed
performances have been tested. It was made clear that results could surely
be improved, especially in terms of computational complexity.

On a more personal level, this internship has allowed me to catch an ac-
curate glimpse of what the world of research looks like. Moreover, this work
has been fundamentally important as it has helped me grow a deeper interest
in the field of physics and computational science.
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Electron diffraction : An upheaval in Crystallography

Glossary

Diffraction : Phenomena that occur when a wave encounters an obstacle
or opening

Scattering : Physical processes where moving particles are forced to devi-
ate from a straight trajectory by localized non-uniformities in the medium
through which they pass.

Quantum dot : Semiconductor particles a few nanometres in size, hav-
ing optical and electronic properties that differ from larger particles due to
quantum mechanics.
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